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ABSTRACT The packing of DNA inside bacteriophages arguably yields the simplest example of genome organization in living
organisms. As an assay of packing geometry, the DNA knot spectrum produced upon release of viral DNA from the P4 phage
capsid has been analyzed, and compared to results of simulation of knots in confined volumes. We present new results from
extensive stochastic sampling of confined self-avoiding and semiflexible circular chains with volume exclusion. The physical
parameters of the chains (contour length, cross section, and bending rigidity) have been set to match those of P4 bacteriophage
DNA. By using advanced sampling techniques, involving multiple Markov chain pressure-driven confinement combined with a
thermodynamic reweighting technique, we establish the knot spectrum of the circular chains for increasing confinement up to the
highest densities for which available algorithms can exactly classify the knots. Compactified configurations have an enclosing
hull diameter ;2.5 times larger than the P4 caliper size. The results are discussed in relation to the recent experiments on
DNA knotting inside the capsid of a P4 tailless mutant. Our investigation indicates that confinement favors chiral knots over achiral
ones, as found in the experiments. However, no significant bias of torus over twist knots is found, contrary to the P4 results.
The result poses a crucial question for future studies of DNA packaging in P4: is the discrepancy due to the insufficient
confinement of the equilibrium simulation or does it indicate that out-of-equilibrium mechanisms (such as rotation by packaging
motors) affect the genome organization, hence its knot spectrum in P4?

INTRODUCTION

The packing of DNA inside bacteriophages arguably yields

the simplest example of genome organization in living or-

ganisms. The phage genome occupies a substantial fraction

of the capsid volume and this leads to a buildup of large

forces exerted by DNA on the capsid walls. It is believed that

phages harness this high internal force to initiate the infection

cycle by a pressure-driven ejection of the viral DNA into the

cytosol of the bacterial host (1–4).

Genome organization inside the phage is usually assumed

to be spool-like, although many recent numerical simulations

have quite seriously questioned this assumption (2,5–10).

Instead, they have proposed a scenario in which the phage

DNA possesses a rather weak liquid crystalline order, at least

when DNA packaging is modeled by an elastic self-avoiding

rod (DNA) being fed adiabatically slowly inside a spherical

rigid cavity (the phage head) (see, e.g., (6–8)). The extent and

kind of DNA ordering also significantly depends on capsid

shape (2,6) and on solvent quality (1,4).

In a recent series of experiments, the knotting probability

and knot spectrum of DNA extracted from P4 phage capsids

have been characterized (11,12). The P4 phage capsid is;40

nm in diameter, and contains;10 kilobases (kbases) of DNA.

The experiments considered both wild-type P4, in which one

of the DNA ends is rooted at the capsid surface, and a tailless

mutant, in which the two cohesive ends were often able to

reptate inside the capsid and stick to each other. Upon ex-

traction from the P4 capsid, the remainder of the DNA cyclize,

producing a complex knot spectrum that was characterized by

gel electrophoresis (11–13). Ninety-five percent of the DNA

was knotted, with at least 48% of the tailless mutant knots

coming from DNA which cyclized inside the P4 capsid (11).

The quantitative characterization of the spectrum of DNA

knots provided a powerful indirect experimental probe for the

overall organization of DNA inside the P4 capsids (12). In fact,

it was found that there is a higher percentage of chiral knots than

achiral ones, and that torus knots greatly outnumber twist knots

(12). What is responsible for the observed bias? Is the tendency

to form chiral and torus knots driven by confinement alone?

These questions have stimulated several theoretical and

computational investigations of the spatial organization and/or

knotting of biomolecules both in general (14–16), and spe-

cifically to compare the experimental knot spectrum with the

simulated one for circular DNA subject to confinement. In this

context, the simplified models for circular DNA adopted so far

were based on infinitesimally thin polymers (11,12,17–19).

(The only simulations of knotting in confined self-avoiding

walks, of which we are aware, are in the on-lattice study in

(20).) Infinitely thin polymer models have proved extremely

useful to our current understanding of the fundamental prop-

erties of knots (21,22). With the addition of suitable bending

rigidity terms, they have also been shown to be capable of

accurately reproducing the knot spectrum of unconstrained

circular DNA (23). Extending these models to the case of
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spatial confinement represents a major challenge due to the

difficulty in conformational sampling (11) which requires the

introduction of advanced sampling techniques (19).

The results obtained with confined circular chains with no

excluded volume qualitatively reproduced the observations

that the probability of DNA knotting and the complexity of the

detected knots increased dramatically upon confinement

(11,19). However, neither the presence of a bias toward chiral

knots or toward torus knots were observed (19). Intriguingly,

these observations could be reproduced by a writhe-biased

sampling of the infinitely thin circular polymers (12). But does

the writhe-bias represent a genuine biophysical aspect of how

DNA is packaged in the P4 viral capsid? It might, for instance,

reflect nonequilibrium effects, such as a spooling enhancement

induced by a rotary packaging motor at the capsid portal. Or is

this procedure an ad hoc correction which is only needed in

view of the excessive simplifications employed? In other

words, do highly confined self-avoiding circular chains in

thermodynamic equilibrium lead to the observed statistical

biases to chiral and torus knots? (Note that, as we consider

circular chains, like in previous modeling work, we are fo-

cusing on the tailless mutant case in which ends are assumed to

meet either inside the capsid or while still partially confined.)

This work aims at tackling these questions by providing a

reference equilibrium study for the occurrence of knots in

semiflexible self-avoiding circular polymers. To this end, we

generate ensembles of semiflexible circular chains with ex-

cluded volume and characterize their knot spectrum inside a

sphere of radius R. As the reference experimental system is

constituted by the P4 bacteriophage, DNA is modeled as a 3.4

mm-long semiflexible self-avoiding chain of cylinders (23)

with thickness equal to 2.5 nm (the hydrated dsDNA diam-

eter) bending rigidity appropriate to yield a persistence length

equal of 50 nm in the wormlike chain model (24). Two

possible coarse-graining schemes were considered where the

10 kbases-long P4 circular genome was modeled as a circular

chain of 200 and 400 cylinders, respectively. Such chains

were subjected to progressive confinement into spheres with

radius R down to approximately four cylinders’ length. Al-

though this represents a threefold reduction of the confining

radii with respect to previous studies, the P4 phage has a

diameter which is still 2–3 times smaller than our smallest

confining sphere. While we could equilibrate conformations

inside a smaller volume, the bottleneck is given by the

computational routines used to precisely determine the knot

type, which are unable to characterize the majority of knots if

the compactification exceeds the one we focus on here.

We find that, in agreement with the experiments, con-

finement leads to a very high proportion of complex knots,

with high crossing number. For the range of confining radii R
for which we can obtain reliable results, confinement favors

chiral over achiral knots as well, again in qualitative agree-

ment with experiments. For instance the ratio between six

crossing chiral knots over six crossing achiral knots increases

with 1/R. However, in the explored range of spatial con-

finement, our simulations indicate the preferential formation

of twist knots (type 52) as opposed to torus ones (type 51),

opposite to the results of the P4 experiments. Thus the torus/

twist bias is the most prominent feature of the knot spectrum

where a qualitative discrepancy is found between experi-

ments and simplified models for DNA packaging. Its further

clarification should probably advance significantly the un-

derstanding/modeling of the DNA packaging inside the P4

phage.

This work is organized as follows. In the next section, we

motivate and introduce the coarse-grained model for DNA

and briefly review the techniques used to generate, sample,

and classify the knotted configurations that a circular DNA

molecule 3.4 mm-long (the length of the P4 genome) attains

in equilibrium when spatially confined. The results are finally

presented, discussed, and compared in relation to the avail-

able experimental data on DNA knotting inside the P4 phage.

MODEL AND METHODS

The coarse-grained DNA description used in this study is based on the model

adopted by Rybenkov et al. (23), which has been proved valuable for re-

producing salient physical properties of DNA molecules as long as the P4

genome (23,25). Specifically, a circular DNA molecule is described as a

closed linear chain made of N equal cylinders which, with the exception of

nearest neighbors along the chain, are subjected to steric hindrance, in that no

overlap of the cylinders is allowed (26). The thickness (the diameter of the

circular cross section) and length (the long axis) of each cylinder will be

indicated with d and l, respectively. We considered a thickness d ¼ 2.5 nm,

equal to the hydration diameter of double-stranded DNA. We employed two

discretization levels, corresponding to a coarse-graining of the circular chain

into N ¼ 200 and N ¼ 400 cylinders. For a more direct comparison with the

experimental context, all lengths will be expressed in nanometers. Accord-

ingly, as the P4 genome experimentally studied in the literature (11,12) is 10

kb-long (corresponding to 3.4 mm), the lengths, l, of the cylinders in the two

coarse-graining levels are, respectively, l200 ¼ 16.7 nm and l400 ¼ 8.3 nm.

FIGURE 1 Typical configurations of circular

chains of N ¼ 200 cylinders generated at (a) low,
(b) medium, and (c) high pressure. While different

magnifications are used for the three panels (reflect-

ing the different radii of gyration), the ratio of the

cylinders’ diameter to the total chains contour

length is kept fixed to the nominal value, given by

2.5 nm/3400 nm, used in the simulation.
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The elasticity of the polymer is accounted for by a bending rigidity term

with strength appropriate for yielding a persistence length of lp ¼ 50 nm in a

free (spatially unconstrained) wormlike chain (24),

Vbending ¼ �k +
N�1

i¼1

t~i � t~i11; (1)

where k ¼ kBTlp=l is the elastic modulus of the polymer. We denote the

coordinates of the vertices of the circular chain by r~1; r~2; r~N ; r~N11 [ r~1; and

we define the tangent vectors t~i [ r~i11 � r~i (i ¼ 1, . . ., N). Configurations in
which two cylinders are interpenetrating are disallowed by penalizing them

with a very large (infinite for practical purposes) energy cost.

The method used to generate uncorrelated configurations of semiflexible

self-avoiding circular polymers closely parallels the one we adopted in

Micheletti et al. (19) for the case of random circular chains with no excluded

volume.

Briefly, to each conformation, G (G[ fr~1; r~2; r~N; r~N11 [ r~1g) we first

associate a hull radius, R(G), defined as the distance of the farthest vertex

from the center of mass of G. We note that this definition may not necessarily

yield the radius of the smallest sphere (the miniball) containing all vertices of

G (27). This is because the miniball center need not coincide with the chain

center of mass. However, under increasing confinement the polymer adopts

more and more compact conformations so that the adopted radius and the

miniball radius practically coincide (9). We also note that the definition of R
is based on the location of the vertices of G, which therefore lie on the

centerline of the chain. Therefore it does not account for the extra room

required to accommodate the thick cylinders entirely in the sphere. Finally

we point out that, in Ali et al. (8), a slightly different definition of the en-

closing radius R was used.

To generate the confined circular chains, a series of multiple Markov

chains (28) are run in parallel by evolving 16 different stochastic trajectories

of closed circular chains. At each time step each configuration is modified by

an unrestricted crankshaft move of the vertices. Such moves preserve the

chain connectivity and cylinders lengths and ensure an efficient exploration

of the configuration space. The 16Markov processes are subjected to various

confining pressures, P, in that the reduced energy (i.e., in units of thermal

energy) of a given configuration, G, is defined as

EðGÞ ¼ PRðGÞ1VbendingðGÞ (2)

if no overlap occurs between nonconsecutive cylinders, otherwise the energy

is treated as infinite. The newly generated configurations are accepted with

the standard Metropolis criterion. Occasional swaps of configurations in

different Markov chains are also proposed and accepted/rejected with a

suitable generalization of the Metropolis scheme (28). Examples of config-

urations generated at different pressures are provided in Fig. 1.

This stochastic scheme ensures that configurations explored by each

of the Markov processes are sampled with probability proportional to

exp(�PRðGÞ � VbendingðGÞ); where P is the pressurelike parameter of the

given Markov chain (replica). Notice that, while the hull radius is subjected

to different pressures across the replicas, the elastic energy term is controlled

by the same bending rigidity parameter, k, for all replicas. The ensemble of

conformations explored by the various replicas is next sampled at intervals

greater than the autocorrelation time of the hull radius. From the sampled

conformations at pressure P one then computes the histogram, nP(K, 1/R), of

the number of independent circular chain configurations with knot typeK and

hull radius R. The use of the inverse confining radius, 1/R, as variable, is a

natural choice that captures how various geometrical/topological properties

change with increasing confinement. The entries of the recorded histogram

result from the combination of 1), the statistical weight of elastic circular

chains of knot type K and hull radius R,W(K, 1/R); and 2), the pressure bias,

exp(�PR),

nPðK; 1=RÞ}WðK; 1=RÞ expð�PRÞ: (3)

Notice that W depends implicitly on the chain length, N, and the bending

rigidity, k. The proportionality constant between the two sides of the above

relationships can be fixed through suitable normalization of the histogram

(29). From the above relationship it is clear that the statistical weight of

unconstrained knotted elastic chains can be recovered from the recorded

histograms by ‘‘undoing’’ the pressure-bias (where ‘‘undoing’’ means

solving Eq. 3 to obtain W up to a multiplicative constant). Data obtained

by the various Markov processes can be optimally merged (29) to return the

desired statistical weight W(K, 1/R) for a wide range of 1/R.

The addition of a confining bias via P is necessary because, due to the

rapid decrease of the chain entropy upon confinement (30), it would be

impossible to efficiently sample compact configurations in ordinary, un-

constrained, Monte Carlo simulations.

OnceW(K, 1/R) is known (it clearly must be calculated separately for each

chain length, N) various quantities of interest can be estimated. For example,

the expected fraction of circular polymers of knot type K that can fit inside a

sphere of radius R is given by the weighted contribution of all circular chains

having hull radius up to R,

PNðK; 1=RÞ ¼
+

j
WNðK; 1=RjÞ

+
K9
+

j
WNðK9; 1=RjÞ; (4)

where K9 spans all knot types and the sum over the discrete equispaced

values of inverse hull radii is restricted to the cases where 1/Rj > 1/R. Notice
that, due to the rapid decrease of W for increasing confinement, the

translational entropy of configurations with size smaller than R is neglected.

The errors of the quantities in equation 4 are estimated from the semi-

dispersion observed by applying the weighted histogram method separately

to the first and second half of the circular chains generated stochastically.

The reweighting procedure we use depends on the knowledge of the knot

type of each sampled conformation. The knot identification procedure is

carried out in the same spirit of Micheletti et al. (19). First a smoothing and

shrinking procedure (31,32) is employed to simplify the configuration as far

as possible, by reducing, without changing topology, the average number of

crossings of its two-dimensional projections. After the conformational sim-

plification, the Dowker code (33) of one of the simplified two-dimensional

projections is computed, simplified with suitable algebraic manipulations

(equivalent to Reidmeister moves) and finally processed by the Knotfind

program, a routine implemented in the KnotScape package (34), which can

identify prime components of up to 16 crossings for a given knot.

It should be noted that while all positive knot identifications of Knotfind

are exact, it is not true that all simple knots of up to 16 crossings can be

identified from an arbitrarily complicated projection. In such cases, though

the knot identity might be tentatively assigned on the basis of available

polynomials, we shall conservatively term the knot type as unclassified or

unknown. From the above discussion it is clear that the circular chain sim-

plification procedure is a critical step in our analysis scheme since the degree

of achieved simplification impacts on the efficiency with which simple knots

(or knot components) can be precisely identified. Owing to the large number

of processed conformations for every value of P (2.5 – 33 104 for N ¼ 200

and 4.5 3 103 for N ¼ 400), the simplification follows a fast, greedy, al-

gorithm (see (19) for details) which becomes rather inefficient at very small

values of R (equivalently large values of P). This is the main factor limiting

the compactification level for which we can report results in this study.

As anticipated, when Knotfind is unable to characterize the knot type, we

term the knot as unclassified. The number of unclassified knots and of un-

knots is plotted in Fig. 2. In what follows, solid lines are used for the range of

R where the fraction of unclassified knots is ,10%. When the latter is be-

tween 10 and 50% dashed lines will be used, while dotted lines are employed

beyond the 50% threshold.

RESULTS

The knot spectrum of the simplest prime knots and of some of

the composite (35) knots for confined circular chains of N ¼
200 and N ¼ 400 cylinders is shown in Fig. 3. The two dif-
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ferent discretization levels we employed lead to consistent

results with high accuracy. In particular, the probabilities of

forming a given knot type is independent of discretization in

the unconfined case, 1/R / 0, suggesting, a posteriori, a

dependence only on the persistence length, lp, of the system
(and not on the level of coarse graining). In the absence of

excluded volume, our model would reduce to the Kratky-

Porod model (discrete wormlike chain) characterized by a

single-exponential decay of the tangent-tangent correlation,

with decay length equal to Æt~i � t~i1xæ ¼ exp�ðx l=jÞ; where j ¼
�l/[log(coth(k/KBT) – KBT/k)](notice that, as k is inversely

proportional to l, j reduces to the nominal persistence length

lp ¼ 50 nm in the continuum limit l/ 0). We calculated the

tangent-tangent autocorrelations for our model with excluded

volume and fitted them with a single-exponential, persistence

lengths of 42 nm and 46 nm for the N ¼ 200 and N ¼ 400

cases, respectively. These are in good agreement with the

values obtained for the Kratky-Porod model for infinitesi-

mally thin chains with the expression provided above. The

fact that l is significantly smaller than lp for both N¼ 200 and

N ¼ 400, provides an intuitive a posteriori explanation of

why the probability curves of Fig. 3 are insensitive to the

discretization level.

Slight differences in the two discretizations are seen, in-

stead, in the compact regime owing to the appearance of a

further length scale, the radius of the confining sphere. For

the levels of compactification reached in this study, differ-

ences due to the coarse-graining employed are limited, as

indicated by the consistency of the two panels in Fig. 3.

Owing to the better statistics collected for N ¼ 200, we shall

henceforth mostly focus on these data.

We first discuss the knot spectrum in Fig. 3 in the limit

of unconstrained semiflexible self-avoiding circular chains,

1/R/ 0. This constitutes a first validation of our model and

algorithms, as the predicted knotting probabilities may be

compared against the experimental knotting probabilities of

free, unconfined, circular DNA in a 1 M NaCl buffer (23).

This is the buffer for which our calculations are most ap-

propriate, because the high concentration of counterions

makes it so that electrostatic interactions between different

DNA segments, neglected here, are efficiently screened. For

1/R / 0 trefoils, 41 and five crossing knots occur with

probabilities 4.06 0.15%, 0.466 0.01%, and 0.286 0.01%,

respectively. These predictions compare well with the ex-

perimental results by Rybenkov et al. (23), who report values

of 3.5%, 0.44%, and 0.25%, for 10-kb-long circular DNAs in

a 1 M NaCl buffer.

The first notable qualitative feature of the probability

distributions of Fig. 3 is their nonmonotonic behavior as a

function of the inverse confining radius. Clearly, the suc-

cession of the knot distributions is such that the progressive

confinement of the semiflexible self-avoiding circular chains

leads to the appearance of knots with larger and larger

number of minimal crossings. This intuitive trend (which is

shared with simulations of circular polymer chains with no

excluded volume (19)) is compatible with the experimental

findings on DNA knotting in P4 capsids where, at compac-

tifications still higher than those explored here (R ¼ 20 nm),

the knot population is dominated by knots with ;30 cross-

ings (the unknot and trefoil accounting for only 2% and

0.36% of the total population, respectively).

Before examining the distributions of Fig. 3 in further

detail, we quantify how confinement impacts on the minimal

number (over all possible projections) of crossings C. It is
important to estimate C, as this correlates well with the

electrophoretic migration velocity of the knots within the gel,

which is the quantity that experimentalists measure (36,37).

FIGURE 2 Unknotting probability and probability of unclassified knots

as a function of the inverse radius of the confining sphere, 1/R, for circular

chains of N ¼ 200 cylinders.

FIGURE 3 Probabilities of simple prime knots and composite knots for

circular chains with N ¼ 200 and N ¼ 400 cylinders as a function of the

inverse radius of the confining sphere, 1/R. Dashed and dotted lines refer to

statistics in which the fraction of unclassified knots is, respectively, between

10 and 50% and above 50%.
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The computation of the minimal crossing number of a

strongly confined configuration presents challenges similar

to the problem of finding its knot type. Therefore, also in this

case, there is a large fraction of the knots for which the

minimal crossing number cannot be exactly determined. For

these, we can, however, compute an upper and lower bound

on C. The upper bound is simply given by the minimal

number of crossings one gets after the simplification of the

Dowker code based on the Knotfind program (34). The lower

bound is obtained by combining the bound

C$ 2ði� 1Þ; (5)

where i is the braid index of the knot (38) with the Morton-

Franks-Williams inequality (39,40)

i$
1

2
ðE� eÞ1 1; (6)

where E and e are, respectively, the largest and the smallest

power of the HOMFLY polynomial of the knot. This gives

C$E� e: (7)

Fig. 4 shows the upper and lower bounds on the minimal

number of crossings as a function of the inverse radius of the

confining sphere. For relatively mild confinement all the knot

types are classified and the two bounds coincide with the ex-

act value C. As the confinement increases, however, the

difference between the two bounds broadens due to the

increasing number of unclassified configurations. Neverthe-

less our results are enough to provide an interesting estimate

of the growing rate of C with 1/R. It would be interesting to

compare this prediction with data obtained with gel electro-

phoresis on experiments with different double-stranded DNA

bacteriophage (whose internal DNA density may differ).

Coming back to knot types, Fig. 5 shows the whole knot

spectrum inside a confining sphere of R ; 90 nm (so still

significantly larger than P4, for which R would be;20 nm).

The most populated knot, excluding the unknot, is the trefoil,

followed by composite knots. The detailed breakup of knot

types in the spectrum illustrates that the population of prime

knots at fixed degree of compactification does not present

obvious trends with the increase in complexity (minimal

crossing number).

To make contact with the experimental observation, we

shall now analyze the obtained spectrum to detect any biases in

the population of chiral versus achiral knots and of twist versus

torus knots. In our model any given chiral knot can exist in

either handedness with the same probability, by symmetry,

hence we do not specify whether a chiral knot is right- or left-

handed. (Note that, on the other hand, we will have to detect

handedness for the prime knot components of a composite

knot, to determine whether it is globally chiral or achiral; see

the discussion on granny versus square knots later on.)

We start by noting that the trends in Fig. 3 indicate that

chiral five crossing knots outnumber the achiral 41 knot even

for quite moderate values of compactification. This result is,

qualitatively, in line with the P4 experimental knot spectrum

although the five crossing knots outnumber the four crossing

knot to a much greater degree in the experimental spectrum.

This result is, however, not sufficient to indicate unam-

biguously an effect of confinement on chirality since all five

crossing knots are chiral but the five crossing knot is more

complex than 41. As progressive confinement shifts the dis-

tribution of knot types toward complex knots, it can be ex-

pected that for an appropriate degree of compactification the

five crossing population will outnumber the 41 one.

The simplest context in which the chirality bias can be

analyzed within knots of the same complexity is the family of

six crossing knots which comprises the chiral 61 and 62 knots

and the achiral 63 knot. We thus wish to probe whether there

is any trend in the ratio between the probabilities of occur-

rences of these prime knots. These data are plotted in Fig. 6. It

emerges, that the achiral knot is less populated at all values of
FIGURE 4 Upper and lower bounds on the minimal crossing number as a

function of the inverse radius 1/R for circular chains with N¼ 200 cylinders.

FIGURE 5 Knot spectrum for N ¼ 200 and R ¼ 90 nm.
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1/R. It should be noted that the same feature is found for

infinitely thin unconfined circular polymer chains as a

function of N. Therefore, by itself this result again does not

prove chiral knots are favored by confinement.

A more robust criterion to assess the existence of a chirality

bias canbe foundbycomputing the ratio betweenglobally chiral

versus achiral knots on the family of all, both prime and com-

posite, six crossing knots.Aglobal chirality bias should lead to a

higher number of chiral knots with respect to achiral ones.

To find this ratio, we have to identify the chirality of

composite knots as well. A composite six crossing knot is

made up by two trefoils, each of which can come in either

handedness. If the two handednesses are different, then we

have a globally achiral square knot, otherwise we end up with

a globally chiral granny knot.

The identification of granny and square knots is nontrivial

in our framework, given that the computed Dowker code

does not account for the handedness of a given chiral knot.

We followed a heuristic classification scheme inspired by the

properties of distribution of the writhe of the composite six

crossing knots after the smoothing and shrinking simplifi-

cation procedure. As illustrated by Fig. 7, the writhe distri-

bution is very broad and featureless before smoothing, but

acquires a distinctive trimodal character after the conforma-

tional simplification. The location of the maxima at writhe

values of 0 and 66.8 correspond to the values of the writhe

that would be expected in ideal configurations of square and

granny knots, respectively (41). This observation strongly

suggests that the smoothing and shrinking procedure is suf-

ficiently effective in simplifying knots that the resulting

writhe acquires the corresponding ideal value. We use this

observation to separate the six crossing composite knots into

square and granny knots according to whether the modulus of

the writhe after smoothing is, respectively, , or .3.4.

The resulting ratio between chiral and achiral six crossing

knots, as a function of 1/R, is visible in Fig. 7 b, and indicates

a mild, but persistent, bias toward chiral conformations upon

confinement. Restricting to square and granny knots only, we

find a small imbalance favoring the latter, again pointing to a

confinement induced chirality bias.

We now investigate the second type of topological bias

observed in P4 experiments, namely the fact that torus knots

outnumber twist knots. The simplest instance of such bias

occurs within the family of five crossing knots: in P4 ex-

periments the 52 twist knot is found to occur much less fre-

quent that the 51 torus knots (11). We have accordingly

undertaken an analogous investigation of the knot spectrum

of semiflexible self-avoiding circular chains. The top panel of

Fig. 8 shows our data for the breakup of the five crossing

knots into 51 and 52. The data indicate a bias opposite to the

one found in the P4 experiments; in fact, throughout the re-

liable 1/R window, twist knots occur more frequently than

torus ones. An alternative way to check whether confinement

gives a bias to torus knots is to consider the ratio between the

probabilities of occurrences of 51 and 52 knots as a function

of 1/R (bottom panel of Fig. 8). Again, this ratio does not

appear to display a significant increasing trend, so that we

conclude that our data at these confinements are compatible

with no torus knot bias.

FIGURE 6 Probabilities of occurrence of 61, 62, and 63 knots and of

square and granny knots as a function of the inverse radius 1/R for circular

chains of N ¼ 200 cylinders.

FIGURE 7 (a) Writhe of the composite six crossings knots conformations

before and after smoothing. The side graphs represent the histogram of the

writhe before and after smoothing. (b) Fraction of chiral knots (61, 62, and

granny knots) within the class of knots with six minimal crossings (61, 62, 63,

granny, and square knots). All results are for circular chains of N ¼ 200

cylinders.
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This qualitative incongruity with experiments poses the

question of whether equilibrium properties of elastic self-

avoiding chains are inadequate to account for the P4 data.

While this is a possibility, it is not necessarily so as the degree

of compactification probed by the experiments and the equi-

librium simulations are, by necessity, different. In the P4 ex-

periment, the number of the five crossing knots total to

;0.26%, so that this regime falls definitely beyond our reliable

1/R window. Therefore, it cannot be ruled out that the tails of

the 51 and 52 distributions intersect at the appropriate 1/R value.

DISCUSSION AND CONCLUSIONS

In conclusion we have performedMonte Carlo simulations to

find the knotting probabilities and knot spectrum of a DNA

molecule inside a confined region. The motivation for this

study comes from the characterization of the knots which are

formed inside the P4 bacteriophage. We have modeled P4

DNA as a semiflexible self-avoiding polymer, with nominal

persistence length and thickness equal to 50 and 2.5 nm,

respectively. The interaction potential which we have used

corresponds to screened electrostatic interactions so it can be

realized in practice with a monovalent salt buffer with a large

enough salt concentration (e.g., 0.1–1 M) (23). The values of

the confining diameter for which we manage to generate

statistically uncorrelated configurations is ;2.5 times larger

than the diameter of the P4 phage, albeit significantly before

then our algorithms fail to reliably detect knot types due to

the complexity of the structure in terms of number of cross-

ings. The different packing fraction achieved by simulated

and real P4 DNA should be kept in mind when comparing the

results: one should expect qualitative or at best semiquanti-

tative agreement with experiments.

Even at this level there are still several questions to ask to

assess whether sampling conformations of self-avoiding

circular DNA in thermodynamic equilibrium leads to realistic

trends in knotting probabilities as observed in the bacterio-

phage experiments. We asked, does confinement lead to a

preference of chiral versus achiral knots? Does it also lead to

a bias toward torus knots as opposed to twist knots? Both

these trends were apparent from the observations, and they

were speculated to be related to the onset of spooling order in

the confined DNAs.

Our results show that the ratio between chiral and achiral six

crossing knots does reproduce a chirality bias, as the fraction of

chiral knots is .50% and increases with 1/R, i.e., with con-

finement. Coming to composite knots, still with six crossings,

we also computed the relative fractions of chiral granny knots

and of (globally) achiral square knots, finding a small imbal-

ance favoring the former at least inside the window of 1/R
values for which our knot identifier can be proved to work

reliably. There is therefore a promising qualitative agreement

on the observation of a chirality bias which is present, although

small, in confined knots. We believe this result is consistent

with some studies in the literature on compactified linear self-

avoiding polymers or copolymers (42,43), which were shown

to display a bias toward locally helical or chiral configurations

(but with no systematic preferred handedness). Compactifica-

tion was ensured in those studies by means of a two-body at-

tractive potential and not via the constraint of being contained

inside a sphere of prescribed radii. A similar phenomenon

leads to the formation of regular helical structures, again with

no preference for a specific handedness, for self-avoiding tubes

subject to compactification via locally or globally hydrophobic

or solvophobic interactions (44–48). In Banavar et al. (47) it

was also proposed from a geometric point of view that helices

naturally arise when maximizing the surface area of a tube

which is accessible to solvent molecules.

On the other hand, we did not find an appreciable tendency

to favor torus over twist knots with confinement. In partic-

ular, in our reliable 1/R window the 52 twist knot probability

is larger than the 51 torus knot probability, while in the ex-

periments the opposite is found, and, more importantly, the

ratio between torus and twist knots does not appreciably in-

crease with 1/R. Would the observed bias toward torus knots

still be found at P4 levels of DNA packing? Or does one have

to look for nonthermodynamic explanations of this feature of

the experiments, e.g., kinetic effects which favor spooling

and are due to the way the DNA is fed inside the capsid?

(Cyclization of the DNA inside the capsid may occur with the

two ends being either parallel or antiparallel when joining,

with the latter possibility being likely disfavored as it leads to

the formation of a kink. As the annealing into a circle is a

nonequilibrium process, there is no guarantee that the frac-

tion of parallel versus antiparallel ends found in the experi-

ment is close to the thermodynamic equilibrium value. This

might be another kinetic factor affecting knot spectrum.)

These are both interesting questions and our present view is

FIGURE 8 (Top) Probability of occurrences of 51 and 52 knots as a

function of the inverse radius 1/R and for circular chains with N ¼ 200

cylinders. (Bottom) Ratio between the probability of having a 51 torus knot

and a 52 twist knot.
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that one should attempt to answer them just in the order in

which we have posed them. To this end we are presently

trying to enhance both our sampling and our knot finding

algorithms to extend the value of 1/R for which we can

confidently assess knot type. This is a significant computa-

tional challenge and it might well be that, to reach reliable

results for smaller values of R, one will have to resort to a

finer-grained modeling to resolve kinks and bends in the

DNAfilament at a scale which is shorter than the length of the

cylindrical segments currently employed. Still, it is very

important to do a reference calculation to quantitatively as-

sess how far one can go in explaining the observed data in a

thermodynamic framework, as this will also lead to a clear

quantification of any nonequilibrium effect.

It would also be of interest to study theoretically the effect

of salt concentration and electrostatic interactions on the knot

spectrum, as well as of the persistence length of the confined

semiflexible polymers as these studies may suggest new

experiments either with phage DNA in different buffers or

with synthetic semiflexible polymers in vesicles.
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